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Abstract - The aim of this paper is to present a method to
approximate the n"-order all pole systems with a zero by
the widely used first-order plus dead-time (FOPDT) model
in s-plane. To establish this method, impulse response
approach is used .This method is applicable for s-shaped
functions. The main novelty of the present method is the
closeness of the approximated transfer function to the
process model. That is the square of the 2-norm of the
error signal between the impulse responses of the system
and the presented model that is chosen as an index
function. By globally minimizing this index function, three
nonlinear equations are obtained in terms of the
parameters of FOPDT model. Then these equations are
analyzed and proved that always have unique solution to
the FOPDT model parameters. Finally, by solving the
nonlinear equations the optimal values of FOPDT model
parameters are achieved. Numerical example is included
to present the advantage of the presented method. The
proposed research uses optimal method to approximate
the nth-order all pole systems by the far-reaching used
general form of the first-order plus dead time (FOPDT)
model. This proposed investigation has described the
structure of optimal FOPDT model, which is analytically
modeled for a several industrial processes. The method is
based on fitting to special form of transfer function in
optimal manner. To compare the performance of the
method of this paper and two another, impulse response
approach is presented. Further, the obtained results show
that the optimal FOPDT model fitting to an nth-order all
pole process is capable of optimizing the similarity the
model and real systems, less undershoot, and faster
settling time than other mentioned method.

Key words- All pole process, FOPDT model Fitting, Zero
in s-plane, Optimal manner, optimal parameters, Time
delay, Impulse response approach, Nonlinearity, Index
Sfunction.

Nomenclature

nProcess order
7 Process time-constant

k, Steady state gain of process

w Real number

1. Introduction

We can find many complicated systems in the many
process control field that their response to a step
input is a bounded and monotonic s-shaped function
of time. Usually for modeling such systems, first-
order plus dead-time (FOPDT) transfer function is
used [1,2,12,13]. Since this transfer function is a low-
order and simple with three different parameters,
named system gain, dead time (time delay), and time
constant. Hence it is suitable for identification
purpose [14,2].

Furthermore, the basic and main design methods and
tuning techniques in the practical controllers such as
PID controller are generalized and developed for the
FOPDT transfer function [1,2,14]. Primary
identification methods for FOPDT model were area-
based techniques is analyzed in [1,3]. A direct
method has been presented in [3,4]. A modified relay
feedback identification method is studied in [5]. A
set of general expressions, which is also doable for
the FOPDT model systems, is obtained from a single
symmetrical relay feedback test for models
identification in [6,20].

In [2,7,9] an reality manner for on-line FOPDT
model identification and PI controller tuning and
adjust is given. A real-coded genetic algorithm is
showed for identification FOPDT transfer function
from step response [8,15,16]. Erected on using the
closed-loop system step response, two identification
algorithms are presented for obtaining the FOPDT
and second-order plus dead-time (SOPDT) models



[9,10]. An on-line iterative program for identification
of a type of nonlinear

FOPDT model is showed in [9,11,21].

Recently, by allowing the parameters of the
conventional FOPDT transfer function to be time
dependent a time-varying extension of this model is
developed in[12,21]. One of the systems that step
response is an s-shaped function and therefore it is
suitable to be described by FOPDT model[18,19, 22],
is the n™-order all pole system that is, a system with
n same poles and no zeros [13,17,18]. The purpose of
this paper is to present an optimal manner for
approximating such systems by a FOPDT model. In
this paper is obtained an inequality for boundary that
need for selected parameters by global optimization
and to use nonlinear equations. In here, major
purpose is to give a method for optimization, and is
obtained a closer model within achieve desired
parameters.

This paper is organized as described below. In
section 2 describes with following nth- order
processes and stable FOPDT model in order to
introducing industrial process. In here we tend to use
FOPDT model for optimal of describing of the
process. In section 3 focuses how the modeling of
distance index between industrial and modeling
process by 2- norm of the error signal. In section 4
proposes a nonlinear equation between two last
equation. in section 5, will be expressed an example
and comparisons with the other method. The section
6 concludes the proposed scheme numerically is
carried out. Moreover comparisons of two area
method and direct method with brought scheme show
better than two another methods.

Identified and optimization and faster settling time,
less undershoot or overshoot, continue to be of major
concern in system operation. This arise the facts that
in steady state. Easier calculation, discover and
formulating desired transfer function parameter with
minimum settling time a, on the other hand,
optimizing with best parameter and most similar
model by minimizing 2-norm.

2. Problem formulation
Consider the following n™-order all pole process with
a zero:

k (1+ys)
G, (s)=———7 ©)
(1+7s)
Where 7 >0 is the process time-constant and # is
the process order that is assume to be at least two,

k indicates the steady state gain of the process,

v € R,y = 0are available, without loss of generality it

is assumed to be positive.
The stable FOPDT model is defined as follows:

-L
Ae™

G, (s)= 2)
1+Ts

Where T >0 is the model time-constant, L >0 is
the model time-delay, and A is the dc gain of the
model.

Significant and important design procedures and
tuning methods in industrial controller and
particularly in PID controller are presented based on
the model (2) [1].

Therefore, for utilizing and better usage of these
procedures there are many interests and efforts to use
the model (2) in describing the stable industrial
process. In here we are enthusiasm to use model (2)
for optimal description of the process (1). In more
precise wording, while the parameters of the process

(1) k,,z, and n are given, it is needed to fit the

model (2) in it in an optimal manner. It means that in
model (2) the parameters 4,L and 7 should be

determined so that a defined distance index (norm)
between the process (1) and model (2) to become
minimum. Since the index to be used in here, will be

in time domain it is suitable to rewrite the G (s) and

G, (s) as follows:

k(l+ys) e

G,(s)= —G,()=—— 3)
+a)

Where:

ﬂ:

Therefore by having a«,k and =« should

determine x,2 and L in an optimal manner.

one



3. Impulse response approach
In here the distance index between the process G (s)

G, (s) are

= [ e, 0)-g,©) d “

Where, g (¢) and g, () are the impulse response of

and model defined as follows:

the process and the model reactively, that is:

2,00=L"(G,). £,0=L"(G,()) )

Note that the defined index in (4) is the square of the

2-norm of the error signal g, () —g , ().

One can easily obtain:

g,)=L"(G,(8))=
kt""

(n—l)!e

g, 0)=L"(G,(8))=pue " u@~L) )
Where, ©(?) is unit step signal. In order to minimize

I, it is needed to obtain its derivatives of | with
respect to i, 4, and L ; then setting them all equal to

i 6
kv Lo ©
(n—1)!

Cu(r)

zero. Substituting g, (¢) from (7) into (4), it results:

®
Differentiating (8) with respect to u ,gives:
ol 40
— = 2I PR (,ue_}'“_L) -g 7(t))u(t — L)dt (9)
ou 0 7
. .o
Solving the equation— =0 results
ou
p=22"["g (e " dr (10)
Differentiating (8) with respect to A, gives:
a -
BZ:ZZL wL e (e —g ©)u -yt (11)

. .a
Solving the equation— =0
oA

bysome mathematical manipulation, results:

=420 j (t—L)g,(t)e “dt

and simplifying it

(12)

Due to the presence of the step function u(r —L) in

.. ol .
(8), determining a—dose not seems to be simple. In
L

order to overcome this difficulty, let expand (8)
which gives:

2

| :’u——Z,LJeMJ‘Mg)(t)e_Mdt+J-Mg2(t)dt (13)
24 Lt o7

al

Now, the calculation of 6_ is doable and from (13)
L

we get:

al aL [+ —at
— =28, 02" [ g 0

(14)
I
Finally, the result of the equationa =0 is:
Ly=2e"["g (e dt
g,(L)=2c"["g (e as)
By solving equation (10), (12), and (15)

simultaneously one can obtain the optimal values of
i, A, and L Note that, in obtaining these equations

g,(?), given in (6), has not been used. Therefore,

these three equations are satisfied and used for any
given process. That is, in fitting the FOPDT model
based on the index function (4) for any process one
must solve the equation (10), (12), and (15) where

g,(r) is the impulse response of the under

considering process.

4. Solving the nonlinear equations
To solve the nonlinear equations (10), (12), and (15)
simultaneously seems to be a difficult task.

However Eq. (15) is free of the parameter 4 and

also it can be omitted between the equation(10) and
(12). Left sides of the equation (10) and (12) are the
same thus, by setting right sides of these equations
equal to each other one gets:

o u 1+2AL \ p+= »
[“1g, (e ar = [“e, e ar
L P 22{ L 4

(16)

On the other hand, using (6) gives: (the first usage of
the given g (¢))

—(A+a)t

re —(A+a)t e kt”
J, 1,0 = Y
n-1
+jm—kt Voo gy
L (n=2)!

(17



Using part by part integration technique, the first
term of the right hand of (17) is obtained as follow:
J'”” kt" o kLne—um)L kwLu—lg—(/lm;L
e dt = -
L (n—l)! (n—l)!(/?.+a) (n=-2)(1+a)

n e —At
+ +a'|"- g, (t)e"dt

A
From (17) and (18) results:

(18)

A e*(ia—a)L kl// Lnfl e*(/»‘fﬂ)
(n—l) (A+a) (m-2)(A+a)

L tg,(t)e dt = (19)

n o e a

- L g, (e dt
Left sides of the equation (16) and (19) are the same
thus, by setting the right sides of them equal to each

other we have:
2kAL e "

(n=1){(A+a)1+2AL)—24n}

J.m g, edt =
(20)

-1 _—(A+a)L

2kAL e
(n—=2)1{(A +a)(1+2AL) = 24n}

Substituting LM g, (t)e "dr from (20) into (15) gives:
a
R
2n —1-2aL Q1)
Now, by replacing A from (21) into (15) the
following equation is obtained:

Lnfl —alL
(2n—1-2al){
(n=1!

n-2 —al

wL e
+
(n—2)!

(22)

aL -2
qe N J‘M ! { ! " V/}ei(HanlenL)a[dt
L mn=-2)! n—-1

In Eq. (22) the values of a and # are known and the
only unknown parameter of the equation is L . That
is by solving equation (22) the optimal value of L is
obtained.

By defining the parameter 6 and the variable ¢’
in the following form
O=al, t'=at-0 (23)
and with a little mathematical manipulation Eq. (22)
can be written as follows:

n-2

(2n-1-20)0"{L+y(n-1)} =
) (o (24)
jﬂ (' +0) e w20) gy

n=2

Expanding (t'+6)"":

2 -2
(tr + e)n—z _ z( jtrnz HU—Z—m

(25)

Where:
(n—-2)!

ey

According to (25) the existed integration in Eq. (24)
is obtained as follow:

(26)

1 '
J‘M & +6)" ’Ze{1+ 2”“9} d =
0

@n

"i (n-2)19" "

" (n—2—m)!(l+lj
2126

From (24) and (27) results:

1

oo “l1e—
Q2n-1-20)0""{L+y(n-1)} = j ' +6) e ( MM) dr’

The above equation can be simplified in the
following form:

f(©@)=0 (28)
Where:
f@o=0""

1 < (n=2)!2n-1-20)"'6""" (29)

{L+y(n-D}.5 2" (n-2-m)(n-0)"
By solving Eq. (28) one can obtain €. According to
the definition of & given in (23), € must be positive.
Having obtained @, the value of L is determined

0
from L =—. Then, from (21) the value of A is
a

obtained. The achieved value of A is acceptable if it

2n -1

is positive, thus @ should be less than . That

means it is needed to look for the root of /() =0 in

the interval 0 <6 < .Using some mathematical

manipulation the function f (€)becomes to:

(2(n-6)-1)

D= e 2 30
f(9) 2(n-0) g(9) (30)
Where:
g(9)=€m2 1 n-2 (n*Z)!(2n7172H)””‘9"’2”” (3 1)

{L+y (n-D}.5 2" (n-2-m)!(n-06)"



Thus, it is needed to look for the root of the

2n -1
g,(0)=0 in the interval ee(o,”—j. The
2

following theorem is about the roots of the equation
e (O,n —0.5) in interval of @ € (0,7 —0.5).

Theoreml: Equation g,(60)=0 has a unique

solution in the interval 6 € (O,n - 0.5).

Proof:
From (31) it is achieved:
-2 1 -1\
0= -2 ( . ) <0
2n {L+w(m-D}\ 2n (32)
2n -1 -1\ 2n-1 n-2
() (5
2 2n 2 L +y(n-1}
S L+y(n-1)>1-3/2n-1) (33)

Remarkl1:we have g( . ) >0 ifonly if

2

L+yn—-1)>1-3/2n-1)

Therefore, the function g, (0)=0 at the beginning
and the end points of the interval (0,7 -0.5) has two
different signs .Beside g, () =0 is continuous in the
interval (0,7 —0.5).

Consequently, in this interval, certainly g (¢)=0has

at least one root. Due to the lengthiness of the proof
of root uniqueness, the rest of the proof is not
brought here. This is end of the proof. m

Let the normalized functions g, (€)=0 to be

defined in the following form:
8,(9)

g (0)==—"—

n max

(34

Where g
g,(0)=0in interval of (0,n -0.5).

Lo INdicates the maximum value of the
The graphs of g, (6)=0 for n=2 are brought in
Fig.1. This figure also illustrates that g, (€) =0 and

therefore g, () =0 has a unique root in interval of
(0,1-0.5).

05 1 15 H 15 3

Fig.1. Plots of g, (6) =0 versus € (forn =2).

By having » and employing f-zero command in
MATLAB, one can easily solve equation g () =0 in
the interval (0,7 -0.5) and obtain the unique solution

forg, (6) =0, which is denoted by & . In tablel the

obtained values of & are brought for n =2 to n = 16.

n 2 3 4 5 6
o 1.34 187 |39 4.12 |55
n 7 8 9 10 11
o 591 783 1833 917 |10.08
n 12 13 14 15 16
o 11.67 | 11.84 | 13.11 | 14.89 | 15.38

Table 1. The root of g ,,(n) =0 in the interval (n - 0.5)
(for n =2 up to n =16).

Having 0" and considering equations (23), (25),
(12), and (22) the optimal values of A,L ,and p are

obtained as follows:

* Cl
Ve 35
2n—1-20 (35)
. 0
L'=— (36)
a



. 4k AL ™

(n=DYA +a)1+22°L" )21 n} 37)
Theorem 2:The index function | , which is defined in
(4), has a global minimum at point ( ,u*,l*,L*)

Proof:
It is omitted for limitation in the paper pages number.
Here, the algorithm in the flowchart is shown.

Get  G,[s),G,(s)
5 |
Calculate —, —
i

!

Obtain unigue solution of

fle)=0
Satisfy an inequity and
gat a boundary —
t+udn-1]=1-
n—
Find A%, u
o

Fig. 2. Flow chart for optimal parameters.

5. Illustrative example
An eight order all pole process is given:

=25 +1

G P (S ) = 5

(s +1)
Comparing with (3) we have:
a=Lk=1,n=8 y=-=2
From table 1 and equations (37-39) one gets:
L =783, 4" =0.0908, i =0.016
the obtained FOPDT modelfor this

Therefore,
process is:

~ Ae™® ~ 0.1762¢ %
1+Ts 1+11.013s

G,(s)

The impulse responses of the process and the
obtained FOPDT model are given in Fig.4. The
square magnitude of G (jw) is also shown in Fig. 5.

—FOPDT function

0.5 —Real Model

Impulse response

-0.5

0 50
Time(sec)

Fig. 4. Impulse responses of the process (g, (7)) and the
model (g, (7)) .

G| -6, (e -6, ol
0.5 !

-1.5
0 50 100 150
i radisec

2

Fig.5. Plotof [G(jo)| =[G, (j®)~G,(jo)| versusw_

Simulations shows that the settling time impulse
response for FOPDT model is approximately 10
seconds, while for real model is about 20 seconds. In
undershoot, when is used FOPDT model, more less
than when it is implemented real model. For



example function, undershoot in FOPDT model is
%89.51 less than in real model.

In the other hand, The area under the function error
2

1S S = j
index of the closeness of the transfer functions of
G,(s)toG (s), in this method much less than other

m

é(j o) 5(/’ o)| d o can be a good indicating

method, this means that high similarity of presented
method and real systems.

The Obtained e 2
Process | name of FOPDT S = _f G(jo)| do
method model 0
Area —7.55s
Method m 0.0473
[1,2] 1+6.8s
Direct
Method e
1-2¢ [4.5] 1+5.98s 0.0432
(I+s)®
The
method 1.28¢ 7"
The
method | 0.1762¢ "
iIl thiS 1+11.013s 00377
paper

Table 2. Achieved results for § = j C:'( j)| deo from other

methods.

For the purpose of trade off of the presented
procedure in this paper to the other methods, the
obtained result from this paper for the under
considered process with the obtained results from
three other procedures are illustrated in Fig. 6 and
Table 2.

According to the Fig.5, it is seen that the area under

G(jw)

the function in the presented procedure is

less than the others. Table 2 can prove this fact
further.

1.5 i —The obttained result from area method(1,2]
G( joo) —The obtained result from direct method[3,4]
1 | —The obtained result from method[8]
The obtained result from method of this paper

@ radlsec
G(jw)

Fig. 5. Obtained results for the graph of VErsus @

for different methods.

6. Future work

The quality of the resulting presented method is very
dependent on the quality of model estimate. The use
of parameters optimizations and obtained area
method is planned to be extended to less error
between model estimate and real function, which is
capable to better approximate a much wider class of
systems. The method of state form to solving
differential equations with initial value or used a data
base cloud be the next work.

7. Conclusion

The problem of optimal FOPDT model fitting to nth-
order all pole processes was formulated. It was
shown that in general case the problem has a unique
solution. By solving a set of nonlinear equationsby
determining the parameters of FOPDT model in
terms of the process parameters. To verify the
proposed scheme numerically, the model was
compared with two other identification methods
which are the area based and the directed
identification techniques, and also compared with a
rather complicated method which used genetic
algorithm  for identification. The proposed
methodshows better performance. This result is
predictable because the showed technique is based on
global optimization and but not on local
optimization.

References

1. K. J. Astrom and T. Hagglund, PID Controller:
Theory, Design and Tuning, 2nd ed., Research
Triangle Park, NC: InstrumentSociety of
America, 1995.

2. Zhen Sun; Zhenyu Yang ,”Time-Varying FOPDT
system identification with unknown disturbance



input”, Control Applications (CCA), 2012 IEEE
International, 2012 , Page(s): 364 — 369.

3. A. Ingimundarson and T. Hagglund, “Robust
tuning Procedures of dead-time compensating
controllers,” Control Engineering Practice, vol. 9,
pp.- 1195-1208, 2001.

4. Q. G. Wang and Y. Zhang, “Robust identification
of continuous systems with dead-time from
stepresponses,” Automatica, vol. 37, pp. 377-390,
2001.

5. Q. G. Wang, X. Guo, and Y. Zhang, “Direct
identification of continuous time delay systems
from step responses,” Journal of Process Control,
vol. 11, pp. 531-542, 2001.

6. T. Wei, S. Songjiao, and W. Mengxiao, “Model
Identification and PID control of long time-delay
processes,” in Proc. of the 4" World Congress on
Intelligent Control and Automation,2002,vol.2,
pp. 974-978.

7. S. Majhi and L. Litz, “Relay based estimation of
process model parameters,” in Proc. of the 2003
American Control Conference, 4-6 June 2003,vol.
4, pp. 2949-2953.

8. P. K. Padhy and S. Majhi, “An exact method for
on-line identification of FOPDT processes,” in
Proc. of the IEEE International Conference on
Industrial ~ Technology, 15-17 Dec. 2006, pp.
1528-1532.

9. G.—W. Shin, Y. -J. Song, T. -B. Lee, and H. -K.
Choi, “Genetic algorithm for identification of
time delay systems from step responses,”
International Journal of Control, Automation, and
Systems, vol. 5,pp. 79-85, 2007.

10.Majhi, S., Atherton, D.P., ”Online tuning of
controllers for an unstable FOPDT process” IET
Journal & MAGAZINE,vol147 , Issue: 4 pp:
421-427 , 2000.

11.T. Liu, F. Gao, and C. Zhao, “Identification of
low-order process model with time delay from
closed-loop step test,” in Proc. of the 48th IEEE
Conference on Decision and Control and 28"
Chinese Control Conferencel5-18 Dec. 2009, pp.
2587-2591.

12.Z. Sun and Z. Yang, “System identification for
nonlinear FOPDT model with input-dependent
dead-time,” in Proc. Of the 15th International
Conference on System Theory, Control, and
Computing (ICSTCC), 14-16 Oct. 2011, pp. 1-6.

13.Z. Sun and Z. Yang, “Time-Varying FOPDT
system identification with unknown disturbance
input,” in Proc. of the IEEE International

Conference on Control Applications (CCA), 3-5
Oct. 2012, pp. 364-369.

14.D. J. Wang, “Stabilizing regions of PID
controllers  for nth-order all pole plants with
dead-time,” IET Control Theory &Application,
vol.1, pp. 1068-1074, 2007.

15.Karl Johan Astrédm, “Early Control Development
in Sweden”. European Journal of Control13:1,
pp- 7-19, June 2007.

16.T. Higglund. “A predictive PI controller for
processes with long dead times.”IEEE Control
Systems Magazine, 12:1, pp. 57-60, 1992.

17.T. Héigglund. “An industrial dead-time
compensating PI controller.” Control Engineering
Practice, 4, pp. 749-756, 1996.

18.A. Ingimundarson and T. Héigglund. “Robust
tuning procedures of dead time compensating
controllers.” Control Engineering Practice, 9, pp.
1195-1208, 2001.

19.P. Garcia, P. Albertos, and T. Hagglund. “Control
of unstable non minimum-phase delayed
systems.” Journal of Process Control, 16:10, pp.
1099-1111, December 2006.

20.J. L. Guzman, P. Garcia, T. Hégglund, S.
Dormido, P. Albertos, and M. Berenguel.
“Interactive tool for analysis of time-delay
systems with dead-time compensators.” Control
Engineering Practice, 16:7, pp. 824-835,2008.

21.J. L. Guzman, P. Garcia, T. Hégglund, S.
Dormido, P. Albertos, an M. Berenguel.
“Interactive tool for analysis of time-delay ystems
with dead-time compensation.” In 7th IFAC
Symposium on Advances in Control Education,
Madrid, Spain, June 2006.

22.Cvejn, J., “PID control of FOPDT plants with
Dominant dead time-The frequency domain
Approach”  Process Control (PC), 2013.
International Conference on IEEE Conference
Publications, Pages: 53-56, 2013.



